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E.Ferlenghi: ON THE GENERALITY OF THE STABILITY CRITERION
AGAINST THE TRANSVERSE WALL INSTABILITY OF RELATIVISTIC BEAMS,

Recently much attention has been given to the problem
of coherent transverse instabilities induced in relativistic
beams by the resistive walls of the vacuum tank of an accele
rator,

In the works (1-6) the effect due to finite conductivi
ty walls has been examined, for various types of beams, and
rules have been obtained for instabilities,

The aim of the present work is to show how these rules
are of quite general character and can be deduced without a
detailed knowledge of the material properties of the wall, Mo
re exactly we will show that the instability rules (but not fthe
rise times of the instabilities) are independent of the decay
law of a signal impressed on the wall by a particle, This means
that modifications of the material properties of the wall, ob-
tained by operating directly on the material or by introducing
structures in the vacuum tank, can modifie only the rise times.
In the case of internal structure, the mechanism which may gi-
ve new instability criteria should be of a quite different ty~
pe (e.g. modes with a phase velocity less then c may propagate
through the structure, which may be in resonance with the beam),

In order to describe the dynamical problem wa shall em-
ploy the same models and the same symbols as in the work (6).
Particularly we consider that particles are moving in the longi
tudinal direction as Z;(t) = fﬁ + vt and that the motion in veT



~ vt
tical direction is described by 7, ¢ ,

The equation of motion in the vertical direction for
a particle in absence of the wall field is

(m '7;(-# \4’,2% =0 that is | (-‘D‘zl- W), =0

where V¥, is the betatron frequency,

The presence of the walls introduces in equations (1)
a term which stands for the force due to material being not
ideal, The most general mechanlsm, which can be assumed to de
scrlbe (at every instant and in every point, independently of
the type of geometry and of the material properties of the
walls) the reaction field of the wall,is schematized in fig,1
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Fig.l

The signal, impressed at time t = O by the particle on
the wall, falls off to zero in a time interval T,

The force is therefore generally of the type

’

(2) P(é),= ;sa)e(f)e(zf-f)y/o)

Ohv1ously the functlon p(t) (=0) is requ1red for any

-value of T (which may also tend to e ), to fall off in a mono-

tonic way so rapidly as to assure the convergency of all the
quantities of our interest, _

The initial value of the force is taken to be proportlo
nal to the vertical position of the acting partlcle.

From all these considerations we conclude that the equa

tion of motion of the K-th particle in presence of other partl
cles is « ‘

3) "+v T = 5,7;(&-—{‘1‘,—_{’1) 7’[—54.,;2‘-‘-)



which coincides with (4-7) of (6),

We examine here the case of a beam with only one. bunch,
The extension to the case of several bunches or of unbunched
beam is immediate,

Taking into account the periodicity conditions in the
motion of the bunch, from equation (3) one obtains the disper
sion relation

(4) Vi vl ~Aw, Z P(vrsws) S=021,22,...

where #o is the revolution frequency and A is a positive con-
stant in which will be included time by time all the inessen-
tial numerical coefficients(X),
By defening as in work (6),
‘wt
Plw) = tonst [t e P(t)
we can write down again (4) as follows:

£ , . ‘
(4") iz uol-Awo_f_/ at a,“*’*“"“)‘b/a(e)

o

If we invert the order of the summation and the integra
tion and remember that

pd e"“ = tons/ % ' (x+2rs)
(9

Is

(x) - See the formula (6-2) in (6).
The extension to the cases of several bunches and of un

bunched beam is obtained from the correspondent disper-
sion relations: \

0,1,''", B-1
s the number of

2 = puz—ANo‘_’:: ?[v+(r+s3)a/o_7 :
bunches

T
B
and

via vi- A w, P(V+sws)

(see resp, (6-8)‘and_(5-2) in (6)).



(4') becomes

: é . |
pzz)):'—.Awo\Zd,é ,,“t/b[g)%f(woé+27;s) =
(5) = vj—A%/édé e""é;blé) F(e+sT) .

In < the terms with s > o do not contribute, as well

as, by definition, the term with s=0,

We have therefore:
‘ N e ‘
(6) vispli-aZ [ dE e‘yt/s(é) I (¢-s7)

$=/ vo

' - .2
It is obvious that for T,>¢ . we simply have pZ= Y,

Generally 55 will have as an upper bound a value §,such

that sT_ < t,

0

Therefore (6) becomes:

z 7
V2. VOZ-A.:Z, pls7s)e” y

and, by substituting in the right hand side VY & ZWo=Vo,

< Lergs
2 _ y,2 7T
(7) vE=nP-AZ plsT)e
For instability, it is important to know the sign of

(8) _Z‘m(pz);-ASf; PsT) sw (2rrgs)

which is determined by q only.

Indicating the sum by S(q) we find the periodicity pro-
perties

S(q+1) = S(q); S(1-g)=S(-q) = -S(q)
from which ‘

S(0) = 8(1) =5s(2) =0

If we consider only the values 0<q<1, it is also easy
to see that -



S(q) > O if 0<q<}
S(q) < O i :
from which it derives

Im( v?) < 0 that is stability if 0<q<}
(9)

Im( v*) > 0 that is instability if 1<q <1.(x)

The rise time of the instabilities depends obviously
on the behaviour of the function p(t).

I thank F,Amman for helpfull discussions.

(x) - For the several bunches case one has

[0

stability  if 0<Zg"< Mod (1)

instability if 1<ZFZ <1 Mod (1)

For the unbunched beam one has ‘
stability if qg+s >0

instability if q +s <0
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